Hedging a derivative security with non-risk-neutral number of shares leads to portfolio profit or loss. Unlike in the Black-Scholes world, the net present value of all future cash flows till maturity is no longer deterministic, and basis risk may be present at any time. The key object of our analysis is probability distribution of future P&L conditioned on the present value of the underlying. We consider time dynamics of this probability distribution for an arbitrary hedging strategy. We assume log-normal process for the value of the underlying asset and use convolution formula to relate conditional probability distribution of P&L at any two successive time moments. It leads to a simple PDE on the probability measure parameterized by a hedging strategy. For risk-neutral replication the P&L probability distribution collapses to a delta-function at the BlackScholes price of the contingent claim. Therefore, our approach is consistent with the Black-Scholes one and can be viewed as its generalization. We further analyze the PDE and derive formulae for hedging strategies targeting various objectives, such as minimizing variance or optimizing distribution quantiles. The developed method of computing the profit and loss distribution for a given hedging scheme is applied to the classical example of hedging a European call option using the "stop-loss" strategy. This strategy refers to holding 1 or 0 shares of the underlying security depending on the market value of such security. It is shown that the "stop-loss" strategy can lead to a loss even for an infinite frequency of re-balancing. The analytical method allows one to compute profit and loss distributions without relying on simulations. To demonstrate the strength of the method we reproduce the Monte Carlo results on "stop-loss" strategy given in Hull's book, and improve the precision beyond the limits of regular MonteCarlo simulations.
Introduction
Practitioners in financial markets rely on various extensions of the conventional BlackScholes (BS) analysis when basic BS assumptions do not hold. These assumptions require that the growth rate, risk-free rate of interest and volatility are constant, short selling of securities is permitted, transaction costs, taxes and dividends are absent, securities are perfectly divisible, trading is continuous, and there are no risk-less arbitrage opportunities [1] . Under these assumptions pricing reduces to replication, and there are no profits or losses (P&L) associated with contracts. Attempts to overcome the restrictive assumptions inevitably involve some basis risk when the market participant is no longer certain regarding the present or future value of portfolios. Considerations of profit and loss can be sometimes suppressed by adjusting prices and implied volatilities. Pricing derivatives with stochastic rates and volatilities [2] [3] [4] , transaction costs [5, 6] , hedging constraints [7] [8] , and other realistic features lead to a designated price increase or decrease. It is supposed to compensate the financial institution for the residual basis risk.
As discussed below, it is practically impossible to eliminate the residual basis risk completely. Even if it were possible, investors might prefer innovative and risky strategies to risk-less replication of contingent claims. Such investors should be provided with a tool, which enables them to select appropriate hedging strategies and serve their personal risk profiles. Moreover, in incomplete markets risk can only be eliminated at a high cost [9] [10] [11] [12] [13] [14] [15] [16] [17] , and probabilistic approach seems to be the most natural one. With this in mind we suggest to consider this risk in detail, and focus on the probability distribution of profit and loss. Pricing in this respect becomes a separate issue, which should only be attempted after the P&L distribution has been adequately described. In this paper the dynamics of the P&L distribution is analyzed in conventional log-normal setting with the exception of Appendix A where general stochastic process is considered. Applications of this analysis to stop-loss strategy and other examples are discussed.
Pricing of basis risk is different in different markets. Insurance pricing corresponds to adding risk premium in proportion to cumulants or quantiles of the P&L distribution. Credit derivatives are characterized by spread above risk-less rate. In this paper we only work with P&L distributions, which precede pricing. After P&L probability distribution is computed practitioners may refer to the guidelines of their financial institution to complete pricing.
Risk-neutral valuation is a general approach to studying derivatives [1] . It states that the price of a contract (European, for example), can be computed as an average of cash flow function at maturity over the equivalent risk-neutral martingale Suppose a generic hedging strategy 0 ϕ ϕ ≠ is chosen. This would lead to an effective measure M which is generally neither risk-neutral nor martingale. We shall solve the following problem. Given the objective measure M (say, log-normal with drift µ and volatility σ ) and a hedging function ϕ derive an effective measure. As long as effective measure M is not risk-less, the value of future profit and loss is clearly uncertain. Therefore, we should describe M by a conditional probability distribution function (PDF) ) ,
for a given underlying value, S , and time, t
Then equation (1.1) takes more general form
(1.4)
In the next Section we derive the partial differential equation for the time evolution of PDF and discuss it in detail beginning with a very basic case * . Section 3 is devoted to the equivalent martingale measure associated with PDE. Application of the developed methods to a simple example of the "stop-loss" strategy is given in Section 4. Optimal hedges are revisited in Section 5. Section 6 concludes the paper.
Dynamics of Profit and Loss Distribution.

1 One Time Step
To begin we consider a single-time (static) hedge position which starts at time zero and matures along with a European call option. Duration of the time step may be arbitrarily large. Let us again denote the P&L value as F , underlying share value as S , number of shares of the underlying security used for hedging as ϕ , the portfolio value as X , time to maturity as T , option payoff at maturity as ) ( T T S F . The present best guess about the probability distribution of the share value at time
, it is conditioned on today's price 0 S . Let us consider a position consisting of one option and ϕ shares.
Such portfolio has a present value
. Making a one step in time to maturity one finds that the value of the portfolio,
, is uncertain because * Part of this work has been reported previously [18, 19] . , it is possible to suppress the variability of the portfolio T X by making use of the hedge [20] 2 1
, the portfolio becomes deterministic. In view of the risk-free discounting for deterministic claims (perfectly replicated) one has 
Solution of (2.2) gives the option value [20] 2 1
it is no longer possible to suppress the distribution of the portfolio. At the initial moment 0 = t the PDF of the terminal portfolio value T X is simply expressed by the following convolution
Now suppose that a value of the portfolio at the moment T is T X with some probability. Then clearly the P&L value, as seen from the moment zero, is the discounted portfolio value minus initial investment, S e X F rT T ϕ − = − , with the same probability. This simple reasoning leads to the useful relation between the P&L statistics at the moments 0 and T
An important lesson, which we learn from this exercise it that statistics of P&L of cash flows is closely related to a hedging strategy. To find out how valuable a contract is one needs to examine it's statistical behavior under optimal hedging. We should return to this point below.
The Continuous Limit
We now take the continuous limit assuming that the time step dt t t t + = ' , is small and therefore, the log-normal kernel, 
Second term on the l.h.s. corresponds to continuous discounting of the portfolio, third term is responsible for the drift of the underlying and fourth one is a diffusion term a la Fokker-Plank. For the readers who prefer modern mathematical methods of stochastic calculus we present the alternative derivation in Appendix B. Eq(2.7) is supplied with a terminal condition. For a derivative security with payoff )
Expected Values, Variances and Higher Cumulants
The expected P&L ) , ( t S F and its variance,
obey partial differential equations, which can be easily derived from (2.7) * This equation has been reported previously in Refs [18, 19] . A mathematically similar equation arises in the study of passport options, Ref [23] . We are thankful to A. LiptonLifschitz for indicating this connection. The difference in the compounding rates in Eq(2.7) and Eq(13) of Ref [23] can be adjusted at the cost of dismissing risk-neutrality. The remaining difference is due to the fact that Eq(2.7) is written on the normalized probability density, while Eq (13) It is seen from Eq(2.9) that the variance of P&L vanishes at
. The P&L becomes deterministic. It is nicely peaked at the BS value of the contingent claim since the substitution 
We briefly return to one time step considered in Subsection 2.1. From (2.5) one finds that the mean and variance of F satisfy the following equations 
Eq(2.11) reduces to the BS Eq(2.3) for the expected values of P&L, and the r.h.s. of (2.12) is zero in full agreement with the continuous case. For all other discrete settings the r.h.s. of (2.12) remains positive even for the variance-minimizing hedge 13) and the equation for the expected value of P&L, which can be obtained by substituting (2.13) into (2.11), clearly deviates from the BS equation for the expected values of P&L. Hedge (2.13) has been reported in [14] along with the corresponding variance-optimal martingale measure. Formula (2.13) is well-known in finance as the optimal hedge ratio (see [1] pp 35-37).
We now return to the continuous case. The second-order operator in Eqs (2.7) is degenerate. This is a consequence of one Wiener process for two Eqs (2.1), (2.2).
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(2.14)
The reader can compare the term in parenthesis with Eq(2.8). Comparison shows that the basis risk is always present if the term in parenthesis is non-zero. This alternative form of the condition
is sufficient but it is not necessary if the final condition to Eq(2.14) already contains risk.
We conclude this Section with the equations for skewness, S , and kurtosis, K , defined for the P&L distribution ) ,
The equations read
Although the inhomogeneity quickly becomes cumbersome the structure of the differential operator on the l.h.s. is very straightforward. We denote as n L the Green function associated with this operator for a cumulant of order n
It satisfies the backward equation
The Equivalent Martingale Measure
Presence of basis risk makes pricing by arbitrage uncertain. The risk-neutral equivalent martingale measure is no longer applicable. However, rewriting Eq(2.7) in the form 
generated by Eq(3.2) has to be discounted with the growth rate of underlying security to obtain the correct conditional probability density
Eqs (3.2), (3.4) define the equivalent martingale measure. We now proceed to computing the P&L distributions for simple non-BS strategies.
The "Stop-Loss" Strategy
Believers of the "stop-loss" strategy assume that hedging the risk of derivatives is very straightforward [1, 21] . For a long position in a European call option, which value at maturity is
, the writer of the option is supposed to hold 1 share of the underlying asset when its market value is above K and zero shares otherwise. Sometimes, a modified "stop-loss" is also used as a "put-replicating" investment strategy [22] .
The controversial aspect of the stop-loss strategy is the continuous limit [1, 21] , where minimal time interval for re-balancing the portfolio, t ∆ , and the minimal step in quoted prices, S ∆ , are simultaneously taken to zero. The idea of "stop-loss" comes from the case when S ∆ is taken to zero first. One can think that the re-balancing is done
For the "stop-loss" strategy one has
is the Heaviside function. The variable X , see Eq(2.7) becomes
. This variable has the natural meaning of the total value, which consists of the value of the shares (if they are held) and the accumulated profit or loss, F .
The analytical solution of Eq(2.14) is given below for the simplest case 0 = = r µ and arithmetic Brownian motion (see also Appendix C). Eq(2.14) becomes 1 σ . This is where the "stop-loss" strategy acquires quotation marks.
There exists an elegant method to solve Eq(4.1), which relies on mirror images. Here we give the most straightforward technique. An efficient solution by using integral transforms can be found in Appendix C. Using Green function of the diffusion equation the solution can be formally written as
The standard method of solving such equations is to consider (4.3) as an iterative recipe and find the resolvent. Denoting
one can see that each integration adds a factor of
and their sum is
The function ) , ( t X f is computed through its Fourier transform
It is interesting to note that this function can be expressed through the Green function of the diffusion equation,
One can see that at 0 = S , where function f is defined, the probability evolves with a 4 times slower diffusivity then along S -axis. This is the slowest loss the "stop-loss" can achieve. Using (4.7) and returning to original variables one finds
This answer consists of two parts. The first, with delta-function, refers to the scenarios where the underlying asset value never crosses the threshold 0 = S (recall that here we measure S from the strike price K ). Other trajectories cross the threshold, and lead to losses. It is interesting to note that the answer given by Eq(4.8) is related to the local time distribution by virtue of the Tanaka formula (see [29] p. 42).
Another interesting case, which is reducible only to a convolution involving the Tanaka formula, arises when the stop-loss strategy is applied to a "zero payoff contract". In this case there is no payoff at maturity, and one is hedging zero. As before, 1 share is purchases every time the stock price is above the stop-loss benchmark. The relevant final
We only give the final answer obtained by the method of mirror images. For
10) where, as before, ρ is the Green function of the diffusion equation.
We now return to the original log-normal case. A measure of the variability of the "stoploss" strategy, as suggested in [1] , is the ratio of the standard deviation defined by the probability distribution ) , | ( t S F P to the Black-Scholes price of the perfectly hedged option. We gave a general expression for the variance of ) , | ( t S F P in our previous work [19] , see Eqs (10, 11, 21) in there. Since at the point T t = the distribution is deterministic, the variance is given by the integral [ ] 
The Black-Scholes price for the corresponding European call is 2.40047 = F . Our computation gave for the standard deviation of the profit or loss of the "stop-loss" was obtained by a MC simulation with a finite re-balancing frequency. We challenge the readers with access to high-speed computers to reproduce our precision with Monte-Carlo simulations by performing of order 8 10 iterations on very fine lattices.
Realistic Optimal Hedges
Hedging at discrete times, hedging with the subjective vlolatility and many other realistic strategies necessarily involve basis risk and can be optimized. If the strategy is fully specified, and it depends only on the value of the underlying asset and/or time, Eqs (2.4) -(2.9) can help to determine the residual basis risk and to control a chosen measure of risk. For example, discrete hedging at times ,... 2 , 1 , 0 , = = m t t m leads to the difference equations for the incremental contributions to cumulants [see Eqs(2.5),(2.6),(2.8),(2.9)]
where subscript m refers to the moment m t . Expressions under the Green function n L are to be evaluated continuously by using Green functions of lower orders (see below). Increments of skewness and higher cumulants are linear functions of the number of shares of the underlying asset used for hedging, m ϕ . Thus, as long as the range of acceptable hedge values is not artificially restricted, focusing on higher cumulants cannot be a part of the rational risk management scheme. Variance minimization, if attempted discretely requires, a hedge
This expression deviates from what can be found in literature [8] although the vanishing leading order for small time steps is the same, and there is a clear resemblance to Eq(2.13). Eq(5.5) refers to a mixed discrete-continuous setting, where everything is continuous except for the process of rebalancing. In order to evaluate the right-hand-side of (5.5) and the resulting optimal variance, one has to solve (2.5) and (2.6) along with (5.5). The corresponding "continuous" hedge is simply ) ( ) ( 
Closed formulae can be obtained for the case of small time steps between the events of re-balancing, t ∆ . To the leading order in time step one finds from (5.6), (5.7) 
where
. Eqs(5.10), (5.11) are supplied with zero final conditions. Eq(5.11) has been reported [28] (misprint -t ∆ missing on the right-hand-side of Eq(5.3) of
Ref [28] ). Solutions of Eqs(5.10), (5.11) are easily expressed through the Green functions 2 , 1 L , respectively. In the case of a European call option with the strike K the resulting integrals can be reduced to 
would remain under the integrals.) Recalling that by definition G given by Eq(5.12) is the excess return "on top" of the BS price, and V given by Eq(5.13) is the squared standard deviation of this excess return, we conclude that the excess return scales as the square of the standard deviation as the time step t ∆ is taken to zero. This parabolic line in the plane excess return vs its standard deviation is clearly below any efficient frontier [30] for small t ∆ even if 0 > G . Thus, very frequent hedging or re-balancing is an inefficient investment of risk capital. The structure of the right-hand sides of Eqs(5.10), (5.11) implies that this statement holds for all options which can be perfectly replicated in theory. Formulae (5.12)-(5.14) can be used to get practical estimates of minimal reasonable time steps based on risk and return. Different approach to risk management is to optimize the VaR or given quantile associated with the portfolio. Strictly speaking quantile hedging makes limited sense for a single contract, but may be of interest if the portfolio is large enough. One can show that holding securities represents the optimal hedge [19] . The expression (5.15) is evaluated at the quantile position which changes over time, its dynamics can be extracted from solving Eq(2.7) in parallel with (5.15).
Conclusion
We have presented a quantitative approach to the residual basis risk associated with dynamic hedging strategies. In the conventional log-normal setting evolution of the profit and loss distribution obeys a partial differential equation (2.7). By using this equation we have shown that the classical "stop-loss" strategy exhibits significant basis risk. The problem of discrete hedging in continuous time was visited briefly and the variance-minimizing solutions are given. Application of Eq(2.7) to contracts with discrete prices, and passport options [23] is tempting, and this work is in progress. We remind that this study does not address pricing of residual risk [24] . Here we have only shown how to use the risk-minimizing replication to the best possible extent and access the remaining P&L distribution, ) ,
is computed one may apply actuarial techniques (for recent interest in these techniques see [25] ), methods used in credit markets, or VaR methods to handle the residual risk. Applying these methods from the very beginning, before the optimal replication is imposed, may lead to arbitrage.
Deriving equation (2.7) we had in mind that the probability distribution is a smooth function of its arguments (otherwise partial derivatives would not be well defined or truncation of expansion at second order is problematic). Unfortunately, this is not always true. The PDE is not applicable if we have to deal with binary, delta-like or any other singular distribution at maturity. However, it is possible to derive closed form integral solution (evolution kernel) which would make sense for any reasonable final conditions ) , | ( t S F P . Suppose that we are interested in PDF at the initial moment t . Let us divide the time interval ) , ( T t in N little segments 
The T -operator acts on both arguments of P -on S as a trasfer-matrix and on F as a shift. After N successive backward steps we get
In the ∞ → N limit the transfer-matrices accumulate to the measure ) , ( )... , ( ...
whereas stepwise shifts of F produce an integral shift
2) defined by the path t S and the hedging function ϕ . So, we get a compact answer for the PDF ( )
Now it is appropriate to recall the formula (1.4). Effective measure ϕ M on the space of random walks t S turns out to be a differential operator acting on probability
It should be stressed that formula (A.6) does not require any special properties of the probability measure like smoothness or continuity. It perfectly works for any distribution.
Appendix B Derivation of Eq(2.7) by Stochastic Calculus
Let it be again assumed (see (2.6)) that the underlying security ) (t S is described by a log-normal process in time
where the growth rate µ and volatility σ are assumed to be constant, and the normalized Wiener process t W has zero mean and unit variance. If market participants follow a certain dynamic strategy ) , ( t S ϕ for hedging, investment or portfolio insurance (which may differ from the perfect Black-Scholes hedge), the portfolio is risky and may generate profit and loss t X depending on realizations of the Wiener process in (B.1) and corresponding path ) (t S during the finite time interval
where r is the (constant) risk-free rate. Intuition behind Eq(B.2) is based on a sequence of cash flows. During an infinitesimal time interval ' dt the value of shares in the portfolio t S ϕ changed due to the change in asset value ) (
. The sum of these two independent changes discounted to present moment by the multiplier 
It is noteworthy that Eq(B.1) and, therefore, Eq(B.5) are Ito stochastic differential equation (not Stratonovich). This property stems from the fact that the change of the asset value is assumed to be uncorrelated with the asset value and the number of shares ) , ( t S ϕ . Eq(B.3) will be discussed below.
We first present forward and backward Fokker-Planck (FP) equations for (B.1), (B.5) [26] . The purely forward version reads [ ] Eqs (B.6) and (B.7) are equivalent, and describe the same joint probability density
(Obviously, the integral over dSdX does not lead to any relevant constraint.)
In order to explain the difference between Eq(2.7) and regular FP equations (B.6), (B.7) we have to make a step back and address the issue of causality in detail. We shall show that the problem of contingent claims leads to an unusual stochastic calculus.
The two classical conventions named after Ito and Stratonovich define the rules of stochastic integration for the so-called non-anticipating functions. From here on we follow very closely the textbook by Gardiner [26] (see also [27] ). Symbols x ∂ ∂ / and x ∂ are used interchangeably. Consider three stochastic integrals It is possible to write a stochastic differential equation (SDE) using the latter integral Our SDE defines a special calculus, which is different from ordinary calculus in the same manner as the Ito calculus. Namely, making a connection between (B.17) and (B.18), changing variables, using Ito's formula, and translating back with the help of (B.14) → (B.13), we find 
where summation over repeating indices is understood. The structure of the diffusion term is different from the FP equation for the Ito SDE, 22) and the FP equation for the Stratonovich SDE, 24) and use the connection formulae (B.13)-(B.15) we find our backward FP equation 25) and the "Stratonovich form" of the backward FP equation
In total there are 3 versions of SDEs and 6 FP-equations. This ends the presentation of forward convention in stochastic calculus. For a detailed analysis of forward, backward and symmetric stochastic integrals and further references see [27] . Obviously, there exists a whole family of calculi for different weights placed on initial and final points in (B.9)-(B.11).
We are now in a position to classify Eq(2.7). Consider a designated time axis, which begins at t , proceeds into future up to T , and then returns back to present. Fig. 2 shows the corresponding S -trajectory and X -trajectory. They belong to different sections of the "folded" time axis. Consider a "trajectory" which begins at ) (t S in the S -plane, proceeds into future to T S , jumps to ) ( T T S f X = at this moment, and then returns to ) (t X in the X -plane. Let us now define the probability of having ) (t X given that we begin with ) (t S along the "folded" time axis. When time t decreases we simultaneously proceed "into the past" with our "initial" condition ) (t S , and "into the future" with out target variable ) (t X . That is why the resulting FP-equation looks like mixed forward & backward. While the behavior of the "initial" condition is reflected by the corresponding terms of the backward I -equation, the behavior of the target variable is described by the terms of the forward E -equation. Using these guidelines and Eqs(B.23), (B.24), (B.1), (B.3) one can immediately compile Eq(2.7).
Eqs(2.7), (B.6), (B.7) are mathematically equivalent. Equivalence of (B.6) and (B.7) can be found in textbooks, e.g. [26] page 56. As for Eq(2.7) the probability Q depends on ' X and X in the form '  '  ' in Eq(B.7), which has the meaning of P&L discounted to its present value, renormalize the probability density Q to arrive to the probability density for ' ' X by using the multiplier ) ( t T r e − , and integrate over ' S . For readers, who are familiar with Eq(B.7), this gives the quickest derivation of Eq(2.7).
Appendix C Solutuions for Stop-Loss Hedging Strategies Based on Integral Transforms
(by Alexander Lipton-Lifschitz,-Bankers Trust, NY)
We consider the stop-loss strategy for the arithmetic Brownian motion. We introduce Now we show how to apply a similar technique in order to study the stop-loss strategy for the geometric Brownian motion. The problem corresponding to the strategy ) ( K S − = θ ϕ can be written as as The inverse Fourier transform yields
